In this paper, we construct odd unimodular lattices in dimensions n = 36, 37 having minimum norm 3 and 4s = n − 16, where s is the minimum norm of the shadow. We also construct odd unimodular lattices in dimensions n = 41, 43, 44 having minimum norm 4 and 4s = n − 24.
Introduction
Shadows of odd unimodular lattices appeared in [5] (see also [6, p. 440] ), and shadows play an important role in the study of odd unimodular lattices. Let L be an odd unimodular lattice in dimension n. The shadow S(L) of L is defined to be S(L) = L * 0 \ L, where L 0 denotes the even sublattice of L and L * 0 denotes the dual lattice of L 0 . Note that the norm of a vector of S(L) is congruent to n/4 modulo 2 [5] .
We define σ(L) = 4 min(S(L)),
where min(S(L)) denotes the minimum norm of S(L). Elkies [8] began the investigation of odd unimodular lattices L with long shadows, that is, large σ(L). It was shown in [8] that σ(L) ≤ n and Z n is the only odd unimodular lattice L with σ(L) = n, up to isomorphism. For the case σ(L) < n, we may assume that L has minimum norm at least 2 (see [9, 15] ). Elkies [9] determined all such lattices for the case σ(L) = n − 8.
For the next case σ(L) = n − 16, Nebe and Venkov [15] showed that if there is an odd unimodular lattice L with minimum norm min(L) ≥ 3 then n ≤ 46. Moreover, in this case, it is not known whether there is such a lattice with minimum norm 3 or not for only n = 36, 37, 38, 39, 41, 42, 43 (see [10, p. 148] and Table 1 ). It follows from [15, Table 1 ] that there is no odd unimodular lattice L with min(L) ≥ 4 for the case σ(L) = n − 16 (see also [11, Table 2] ).
For the case σ(L) = n − 24, Gaborit [10] showed that if there is an odd unimodular lattice L with min(L) = 4 then n ≤ 47 (see also [11, Table 2 ]). Moreover, in this case, it is not known whether there is such a lattice or not for only n = 37, 41, 43, 44, 45 (see [10, p. 148] and Table 2 ).
The aim of this paper is to provide the existence of some unimodular lattices with long shadows whose existences were previously not known. These lattices are constructed from self-dual Z k -codes (k = 4, 5). The paper is organized as follows. In Section 2, we give definitions and some basic results on unimodular lattices and self-dual Z k -codes. In Section 3, we give conditions to construct odd unimodular lattices L in dimension 36 with min(L) = 3 and σ(L) = 20 using self-dual Z 4 -codes by Construction A (Proposition 3.2). By finding a self-dual Z 4 -code satisfying these conditions, the first example of such a lattice is constructed. This dimension is the smallest dimension of an odd unimodular lattice L with min(L) = 3 and σ(L) = n − 16 whose existence was previously not known. A new odd unimodular lattice L in dimension 36 with min(L) = 4 and σ(L) = 12 is constructed as a neighbor of the above lattice. In Section 4, by considering self-dual Z k -codes (k = 4, 5), we construct an odd unimodular lattice L in dimension n with (n, min(L), σ(L)) =(37, 3, n − 16), (41, 4, n − 24), (43, 4, n − 24), and (44, 4, n − 24).
The current state of knowledge about the existence of unimodular lattices L in dimension n with (min(L), σ(L)) = (3, n − 16) and (4, n − 24) is listed in Tables 1 and 2 , respectively. All computer calculations in this paper were done by Magma [2] .
Preliminaries

Unimodular lattices
where the dual lattice L * of L is defined as {x ∈ R n | (x, y) ∈ Z for all y ∈ L} under the standard inner product (x, y). A unimodular lattice L is even if the norm (x, x) of every vector x of L is even and odd otherwise. An even unimodular lattice in dimension n exists if and only if n ≡ 0 (mod 8), while an odd unimodular lattice exists for every dimension. The minimum norm min(L) of L is the smallest norm among all nonzero vectors of L. Two lattices L and L ′ are isomorphic, if there exists an orthogonal matrix A with
The theta series θ L (q) of L is the formal power series θ L (q) = x∈L q (x,x) . The kissing number is the second nonzero coefficient of the theta series, that is, the number of vectors of minimum norm in L. Conway and Sloane [5] showed that when the theta series of an odd unimodular lattice L in dimension n is written as
the theta series of the shadow S(L) is written as
where
and θ 2 (q), θ 3 (q) and θ 4 (q) are the Jacobi theta series [6] .
2.2 Self-dual Z k -codes and Construction A Let Z k be the ring of integers modulo k, where k is a positive integer greater than 1. A Z k -code C of length n is a Z k -submodule of Z n k . We shall exclusively deal with the case k = 4. Two Z k -codes are equivalent if one can be obtained from the other by permuting the coordinates and (if necessary) changing the signs of certain coordinates. The dual code C ⊥ of C is defined as C ⊥ = {x ∈ Z n k | x·y = 0 for all y ∈ C}, where x·y = x 1 y 1 +· · ·+x n y n for x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y n ). A code C is self-dual if C = C ⊥ . Let C be a self-dual Z k -code of length n. Then the following lattice
is a unimodular lattice in dimension n. This construction of lattices is called Construction A.
2.3 Self-dual Z 4 -codes
, where n α (x) denotes the number of components i with x i = α (α = 1, 2, 3). The minimum Euclidean weight d E (C) of C is the smallest Euclidean weight among all nonzero codewords of C. Every Z 4 -code C of length n has two binary codes C (1) and C (2) associated with C:
The binary codes C (1) and C (2) are called the residue and torsion codes of C, respectively. If C is self-dual, then C (1) is a binary doubly even code with
. It is easy to see that min{d(
) (see [12] ). Also, A 4 (C) has minimum norm min{4, d E (C)/4} (see [1] ). Therefore, if A 4 (C) has minimum norm 3 (resp. 4), then C must have minimum Euclidean weight 12 (resp. at least 16) and C (2) has minimum weight at least 3 (resp. at least 4). Two Z 4 -codes differing by only a permutation of coordinates are called permutation-equivalent. Any self-dual Z 4 -code C of length n with residue code of dimension k 1 is permutation-equivalent to a code C ′ with generator matrix in standard form
where A, B 1 , B 2 , D are (1, 0)-matrices, I k denotes the identity matrix of order k, and O denotes the zero matrix [4] . In this paper, when we give a generator matrix of C, we consider a generator matrix in standard form (3) of C ′ , which is permutation-equivalent to C, then we only list the k 1 ×(n−k 1 ) matrix A B 1 + 2B 2 to save space. Note that O 2I n−2k 1 2D in (3) can be obtained from
3 Dimension n = 36 and σ(L) = n − 16, n − 24
In this section, we give conditions to construct odd unimodular lattices L in dimension n = 36 with min(L) = 3 and σ(L) = n − 16 from self-dual Z 4 -codes by Construction A. By finding a self-dual Z 4 -code satisfying these conditions, the first example of such a lattice is constructed. A new optimal odd unimodular lattice L with σ(L) = n − 24 is also constructed from the above lattice. Let L 36 be an odd unimodular lattice in dimension 36 having minimum norm at least 3. Using (1) and (2), it is easy to determine the possible theta series θ L 36 (q) and θ S(L 36 ) (q) of L 36 and its shadow S(L 36 ):
respectively, where α and β are nonnegative integers. Then, the following lemma is immediate. Now, we give a method for construction of unimodular lattices A 4 (C) with min(A 4 (C)) = 3 and σ(A 4 (C)) = 20, using self-dual Z 4 -codes C. It is known that a binary [36, k, 3] code exists only if k ≤ 30 (see [3] ). Hence, the dimension of the residue code of a self-dual Z 4 -code of length 36 and minimum Euclidean weight 12 is at least 6. 
where a, b, c, d and e are nonnegative integers. Since B ⊥ contains a codeword of weight 3, 2
By the MacWilliams identity, the weight enumerator of B ⊥ is given by:
Since B ⊥ has minimum weight 3, we have c = 270 − 6a − 3b and d = −324 + 8a + 3b.
Thus, the weight enumerators of B and B ⊥ are written using a and b: 
respectively.
As described in Section 2.3, we have
Hence, d E (C) = 12 and A 4 (C) has minimum norm 3. Let e i denote the i-th unit vector (δ i,1 , δ i,2 , . . . , δ i,36 ), for i = 1, 2, . . . , 36, where δ ij is the Kronecker delta. By (5), there are 120 codewords of weight 3 in C (2) , and we denote the set of the 120 codewords by C
3 . Then, A 4 (C) contains the following set of vectors of norm 3:
3 }, and supp(x) denotes the support of x. Hence, there are at least 960 vectors of norm 3 in A 4 (C). By Lemma 3.1, the result follows.
It was shown in [16] Starting from a given binary doubly even code B, a method for construction of all self-dual Z 4 -codes C with C (1) = B was given in [17, Section 3] . Using this method, we construct a self-dual Z 4 -code C 36 with C We verified by Magma that the two lattices are isomorphic. We also verified by Magma that N 36 has automorphism group of order 849346560, which is different to those of two previously known unimodular lattices with minimum norm 4 and kissing number 42840 in [14] .
Let C 36,0 be the subcode of C 36 consisting of codewords of Euclidean weight divisible by 8. Then C 36,0 is a subcode of index 2 in C 36 (see [7, Lemma 3 .1]). By Proposition 3.8 in [7] , there is a self-dual Z 4 -code D 36 containing C 36,0 with A 4 (D 36 ) = N 36 . For the code D 36 , we give a generator matrix in standard form (3), by only listing the 6 × 30 matrix: Let L 37 be an odd unimodular lattice in dimension n = 37 having minimum norm at least 3. We give the possible theta series of L 37 and its shadow S(L 37 ):
respectively, where α and β are nonnegative integers. It turns out that L 37 has minimum norm 3 and kissing number 1184 if and only if σ(L 37 ) = 21. It is known that a binary [37, k, 3] code exists only if k ≤ 31 (see [3] ). Hence, the dimension of the residue code of a self-dual Z 4 -code of length 37 and minimum Euclidean weight 12 is at least 6. When n = 37, we have a weaker result than Proposition 3.2. 
where a, b, c, d, e, f, g and h are nonnegative integers. Then the weight enu-merator of B ⊥ is given by:
W B ⊥ (y) =1 + 1 8 (−271 + 8a + 7b + 6c + 5d + 4e + 3f + 2g + h)y
(−50295 + 1256a + 959b + 830c + 805d + 820e + 811f
From the condition that B ⊥ has minimum weight 3, we have
Thus, the weight enumerators are written as: satisfy the condition that the coefficients in W B (y) are nonnegative integers. These cases correspond to (7) and (8), respectively.
For (7) and (8), W B ⊥ (y) is given by:
respectively. Corollary 4.2. Let C be a self-dual Z 4 -code of length 37 such that C (1) is a binary doubly even [37, 6, 12] code and C (2) has minimum weight 3. Then A 4 (C) is a unimodular lattice with min(A 4 (C)) = 3 and kissing number at least 1120.
Proof. By (6), C has minimum Euclidean weight 12. It follows from (10) that A 4 (C) has at least 1120 vectors of norm 3.
As a subcode of some binary maximal doubly even code of length 37, we found a doubly even [37, 6, 12] code B 37 such that B ⊥ 37 has minimum weight 3. The weight enumerators of B 37 and B ⊥ 37 are given by (8) and (10), respectively. We verified by Magma that B 37 has automorphism group of order 120 which is the symmetric group of degree 5.
Corollary 4.2 only guarantees that A 4 (C) has minimum norm 3 and kissing number at least 1120 for a self-dual Z 4 -code C with C
(1) = B 37 . Using the method in [17, Section 3], we found a self-dual Z 4 -code C 37 such that C We verified by Magma that the unimodular lattice A 4 (C 37 ) has automorphism group of order 7864320. For the code C 37 , we give a generator matrix in standard form (3), by only listing the 6 × 31 matrix: The residue code C (1) 41 is a binary doubly even [41, 9, 12] 
Dimension
Let L 43 be an odd unimodular lattice in dimension 43 having minimum norm 4. We give the possible theta series of L 43 and its shadow S(L 43 ): The residue code C (1) 43 is a binary doubly even [43, 13, 12] Our computer search failed to discover a unimodular lattice with long shadow using a self-dual Z 4 -code for this case and the remaining cases that the existences are not known.
Summary
As a summary, we list the number # of known non-isomorphic unimodular lattices L in dimension n with min(L) = 3 and σ(L) = n−16 (resp. min(L) = 4 and σ(L) = n − 24) in Table 1 (resp. Table 2 ). Both tables update the two tables given in [10, p. 148] . We remark that the existence of a unimodular lattice L in dimension 37 having minimum norm 4 is still unknown for any σ(L) (see [14] ).
